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ABSTRACT

A mcthod is developed for evaluating the distribution of the blood pressure, stresses
and strains of the muscle fibers, and motion of the cardiac wall due 1o the cvclic
contractions of the heart. The cardiac sysiem is subdivided into two media: the chambers
and the wali; the latier is enclosed by 1wo impermcable surfaces (with one interface
scparating the iwo media and the other confining the wall). The momentum balance
equation for the blood in the (two) cardiac ventricles is averaged, yiclding a modification of
Forchheimer's law, namely inclusion of the time derivative of the flux. The contructing
muscle provides the driving force for the blood flow, and the endocardial velocity is thus
taken as identical 10 that of the blood in the cavity next to the wall. Translation of the
endocardium is governed by the blood pressure gradicnts in the ventricles. The blood
pressure and stress-strain pattern in the myocardium are analyzed by applying concepis of
the theory of mixuures 1o the blood and 10 the saturated solid matrix. With the blood
pressure simulated by a modified Darcy law with relative fluid-solid velocity, fiber stresses
and strains can be assessed with the aid of appropriate constitutive and compatibility laws.

INTRODUCTION

Insight into cardiac fluid dynamics, and into heart mechanics in general,
necessitates detailed quantitative measurement of the cardiac system param-
eters in time and space. This, however, is an extremely difficult undertaking
in view of the complex anatomic arrangement of the cardiac fibers, and of
the interaction of blood rheology and tissue mechanics in the course of the
cyclic contraction. The geometry of the heart also plays an important role in
this context [5, 9}: its shape and size are unique for cvery human being,
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undergoing changes while maturing and affected by disease [2]. Heethaar
et al. [4] developed a regional model for computing cardiac wall mechanics,
whereby Darcy’s law was extended to incorporate specific flow patterns
through individual blood vessels and a statistical approach is used to assess
the flow regime in the rest of the myocardium.

In the present study the heart (i.e. the two ventricles) is taken to consist of
two domains: one fluid controlled (the cavities) and the other a two-phase
composite which comprises the myocardium encasing the cavities, (Figure 1).
The two domains are obviously interlinked; they affect each other via their
matched boundary conditions along the endocardium, and are characterized
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by different regional properties which determine their mechanical behavior

within the continuum.
Realizing the interactions between blood flow, stresses, and deformations

{6], cardiac-mechanics relationships are derived here by evaluating the fluid-
solid interactions in representative elementary “control” volumes in both
cavities and in the wall. The blood momentum balance in the cavities is
spatially averaged [8, 11] to yield, together with its mass balance, the
distribution of the blood pressure and velocity profiles. The calculated
pressure gradients are then used to describe the associated endocardial
displacements. The myocardium is replaced by a single-phase fictitious
entity described by combined mass and momentum balance equations (1,
10]. Thus, a modified Darcy law using relative fluid-solid motion is obtained.
Blood pressure gradients and solid-inertia terms define the driving forces for
the distribution of the stresses in the *“saturated” solid. A possible extension
of this approach will be to designate individual blood vessels as boundary
segments in the discretized cardiac wall, thereby providing a better tool for
describing the flow-stress relationships under various operating conditions

and local disturbances..

A. FLOW IN THE VENTRICULAR CAVITIES

We first describe the flow regime in the cardiac cavities (Section B in
Figure 1). The flow is assumed to be governed by Reynolds numbers of the
order of a few hundred. The blood is assumed incompressible, body forces
do not exist, and shear stresses within the cavity are negligible.

MASS BAIANCE
The mass continuity equation for a fluid without flux sources is written

as
a
E"n“’v'(”n"n):()a (1)

where n, = elfective porosity, v, = velocity vector.

MOMENTUM BALANCE
Fluid momentum conservation for each direction 1 dictates

d/ -
m(pr"nl)"'v'(P,"ﬂUul)=_|'Vl’n (2)

where v, = velocity in B directed towards I, p" = fluid specific mass,

pu = blood pressure in B.
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Equation (2) is usually extremely difficult to solve numerically. For the
assumed low range of Reynolds numbers and with the aid of representative
local space averaging procedures, it reads [8, 11]

) 94
ag;iA+ blgsB+c 7 |C= Ty, (3)
where
qg = ny, (ﬂux), (41)
Vs = p—: (pressure head), (42)
Pg
and
1""3 1
- L 5.1
“ ny &V )
1-n,) /o
pet ;'n) N/ (52)
"B g I-B
1
- 5.3
=5 (53)

Here, V., is the volume of the solid portion in B; g is the acceleration of
gravity; p/p" is the kinematic viscosity, p being the dynamic viscosity; and
A, B, and C are vectors incorporating the direction cosines and the shape
factors of the pores. Note that the term ¢(dq,/d1) becomes operative the
instant there is an abrupt change in flux. '

Let g} be the new “flux level” following transition from the preceding -

level because of ¢(dqg/d1). By virtue of Equation (3) we may write
(ags +b*)q5 = - vy, +d* - (6.1)

where b*,d* are the new values attained after approximating the term
dqg /d1. Using, for example, a backward difference scheme, we obtain

¢

b“=b+A1,

(6.2)
d* BK(.;q‘B_ (6.3)

Here, Ar = time difference between two ascending time levels (time step);
( )* = value at preceding time level. Thus, in view of (6) a modificd
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Forchheimer formula results:

qh=ngs=— 2V} (7.1)
1

Z=2(Vy,) = p (7.2)

C s

THREE-DIMENSIONAL EQUATIONS

With the notion that the cavity’s porosity is mainly a function of the
pressure head, ng = ng(y;), we define a fluid specific capacity C, as

d
c,,=7'$’;. (8)

By virtue of Equations (1) and (7) we obtain the blood-flow equation

15
Co—gp =V-(29¥3). )

Equation (9) is subject to the initial condition
¥ (x,0) = ¥5,(x), (10)
where x = spatial position vector; and to the boundary condition

-Zoypnt ar(Vi—V¥s,) =05, (11)

where I = enclosing surface at each time level, n = unit vector normal to T
and pointing outwards. Y, 5., Q5 are prescribed functions and control
the type of boundary conditions: a Dirichlet condition when

Ve=v¥s., ar—oo0, (12)

a Neumann condition when
~Zoypn=0Q,., a=0, (13)

and a mixed condition when
0<ar <. (14)
The equation describing the movement of the endocardium will now be

derived. This translation will be shown to be due to the blood pressure
gradients in the ventricles.
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B. INTERFACE I

Let us denote the system of interfaces as a whole by H(x,t), the
endocardium by H), and the epicardium by H,.

No mass is transferred through H,, yet certain jump conditions prevail.
With a viscous fluid, on either side, in the cavity, and one in the saturated
muscle matrix, the no-slip” condition dictates

[q-1]1=0, (15)
where [ ] denotes the jump in a quantity and 7 is a unit tangent vector. The

fluid motion normal to the interface is dictated by the interfacial velocity x;
thus

(v=%)-n=0, (16)

where n is a unit normal vector pointing outward. The Pressure is continu-
ous through the interface:

[rl=o0. (17)
The general equation for the interfaces is
z=H,,- (18)

The values for n and T are thus

dH\? aH JH\? "/’ 0H dH oH

“=[(7;) +(ay 1‘— ax 2y az) (19)

aH LML aH

dH\? {dH 9x "3y
*=[(7£) +(797 ] L—n | (9

~ 9z

By virtue of (18) we obtain

% D” aa’,’u OH. (21)

From the point of view of the ventricles (the “balloon” part), and bearing in
mind (7.1), Equation (21) is rewritten to read

oH, [z
—a,—'=(ﬁw;)~v(n,—z). (22)
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Equation (22) is to be solved for H, subject to
H,(x,0) = H, (x). (23)

Define a time differentiation operator as
L 4 z
Y,———(nkv\b;)v. (29)

In view of (24), Equation (22) is rewritten to read

ZH z
> =" FIOAZRLE (25)

Note that unlike Equation (22), H; in Equation (25) follows characteristic
paths defined by

ZLx zZ .
_—?7;=—;I—BV\L,,. (26)

Thus its transiation can be described by forward tracking of particles
conveying H, values.

C. MECHANICS OF THE MYOCARDIUM

The cardiac wall is regarded as a fully saturated porous medium undergo-
ing finite movements. The fluid phase here lumps together all the extraceliu-
lar fluid, including the blood circulatory network in the muscle matrix. It is
assumed that a finite movement can be regarded as the accumulation of
small displacements. The evolution of the wall mechanics will be assessed for
each such displacement. The specific mass of the solid portion is assumed
incompressible. Fluid shear stress is disregarded.

Let o be the mixture solid-fluid stress, a* effective solid skeleton stress,
and p the fluid pressure at the pores. Then

=g’ - p. (27)

Given that the ratio of relaxation time to activation time is very small, we
have

de* _dp _
9r T ar dl_.o' (28.1)
or
do’=dp. (28.2)
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The fluid and solid volumes V2, VX are expressed respectively by

VE=n v, (29.1)

Vo= (1-n,)V" = const, (29.2)

where V?, the bulk volume, is the sum of both:

Vh=y:+VF (29.3)
Define
1 3V_’_’
a= 7‘; Tar (30.1)

Thus by virtue of (28.2) and (29.2), Equation (30.1) may be written as

1 dn, 1 on,

=TT Be S1wl dp (30.2)
Hence, the time derivative of the porosity n,, = n_(o*, p) is
dn, dn, dp dn, d0° oy,
1 ~op a1t a0 o "G Tan (40.1)
where
an,, Pu
. = 23‘7‘; ; ¥, = ;F—g . (40.2)
MASS BAIANCE
Conservation of mass for fluid and solid respectively dictates
an, .
'_")T‘FV'(I!,,.V') =0, _ (41)
L;lnl'—)—+V'[(1—n“.)v"'] =0. (42)
Adding and rearranging, we obtain
on,
;"‘ +v-(q, +ny) =0, (43)
v-q,+Vv-v'=0, (44)
where
q. =n,(vF-v). (45)
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EQUATIONS OF MOTION

Following Biot [1], we replace the two-phase system by a fictitious
single-phase entity. The force balance (momentum balance) equations for
the solid and the fluid phases, respectively, are

LFN 4 az 35 .3 Ly a 5
"ij.i"'Pbi"a,z(P u + pFufl) =R7(uf - u), (46)

FpF 3? sF s FF . F i F_ s \
o,+p"b 3[2(p ui+p u‘)+Ra’(u, u), (47)

where @ is the stress due to fluid pressure,

a=-—nwp-‘; (481)

o, is the stress due to the solid’s stress (7;,),
‘7,,=(1_"..-)T.,; (48.2)

p, p*F, pfF are the specific mass coefficients,
p*=(1-n,)p ~p", (48.3)
pFF=(1-n)pf - p*, (48.4)
pr<(1=n)pp"; (48.5)

b, is the body force per unit mass; u, is the average displacement; and R is
the resistance tensor.
Let us now introduce the following assumptions:

(1) The mass coupling factor is too small to be effective, i.c.,
pf=0. (49.1)
(2) No body forces affect the solid or fluid mass, i.e.,
b'=0 (49.2)
and
bF=0. (49.3)

(3) The fluid inertia term is negligibly small, i.c.,

ar?

(pFuf) —o0. (49.4)
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In view of Equations (45), (47)-(49), we obtain

DECLARE A NEW

k+]
q.,-—(gpfn,R")V(nng‘;F) =-kv(ny,). (50) TINE LEVEL L
From Equations (40), (43), (50) the resultng flow equation is !
3 SOLVE FOR yg” : EQS. (9)-(14)
Qe =9 (kv (n,4) - n¥]. (60) :

Suppose now that we know the solid’s velocity, v*, from a previous evalua-

tion, say CONVERGENCE YES
: IN ¥g" NODAL
V=¥, (61) VALUES 7

o ‘ : REDEFINE CONDUCTIVITY 2:- "

Moreover, in view of (40.2) we may write £0S. (6.2), (6.3). (7.2) SOL‘E’E F°7R % :
s e Q. (7.1
vn =_a""'v4, =iCwy.; (62) ‘
w a‘l’w w 2 Y w) -

* MOVE INTERFACE H;: EGS. (25), (26)

hence by virture of (61) and (62), Equation (60) yields

a‘l’w . y

=g. i
Cw ED v [kv("w‘Pw)] Zva a‘l’w' (63) \SSIGN: !S =.V:S, E'= 5’(¢,:Lv): *
Also, by virtue of Equations (44) and (50), the solid continuity equation is £Q. (66) / :
v-v'=v-[kv(n,¥,)]. (64)

SOLVE fOR ¥, : EQ. (67

In view of (62), Equation (50) can be rewritten as

%= -kov, (65) CONVERGENCE YES
where IN ¥, NODAL
VALUES ?
k'=(n, +3Cy,)k=gon,(n, +3C,¥, )R\ (66) ESTIMATE ¥ ; ESTIMATE 0"
EQS. (66), (68) £Q. (71)
Thus, by substituting Equation (65) in (63) and (64), we obtain the motion
equations for the fluid and solid respectively:
ay,, s
Cogr =V (KV§)-1C¥ VY., (67)
Vv =v-(Kvy,). (68) F1G. 2. Proposcd iteration scheme 10 cvaluate the cardiac system.

Let us now deal with the stress distribution in the solid portion of the
cardiac wall. Differentiating Equation (45) with respect to time and relating
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it to Equations (40.1) and (49.4), we obtain

a\P' l aq‘, . (69)

By adding Equations (46) and (47), and bearing in mind (40.1), (48.1), (48.3),
(49.2), and (69), the force balance equation for the solid matrix yields

oij,i - prg(nw +%Cw¢w)¢w,i

;l_"w 3\Pw aqwi 5.5 3 _8_\P\_._
+p ni [Cw-_a’_qw‘_"w a’ _pui-a_’(cw a’ )‘ (70)

Note that on omitting the last term in the right-hand side of Equation (70),
we obtain an equation that can now be used to evaluate o3 ,, the approxi-

SOLVE 0, : [0. (70) ‘ (D

1 *

ESTIMATE SOLID DISPLACEMENT
(COMPATIBILTY LAW)

[ 3 3

CONVERGENCE
IN 0y NODAL

VALUES 7

ESTIMATE SOLID STRAINS

MOVE INTERFACE Hp (CONSTITUTIVE LAW)

y
REDEFINE BALLOON

AND WALL GRID
O~

F1G. 2. (Cuntinued )
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mate value of o, ;:

hd :l—nw a\Pw an,
olj.igprg(nw+%cwlpw)¢w,i+p n2 Cw_aqu,_nn' a’ M (71)

w

The mechanical behavior of the cardiac system has been evaluated for
each period of the cycle. The motion of blood in the ventricular cavities is
subject to the inflow-outflow flux conditions, and the displacement of the
endocardium is incompatible with blood pressure gradients at the cavities.
The stresses and blood pressure in the myocardium are thus interlinked and
activated by the motion of the endocardium and the pressure exerted on it
by the blood in the cavities. The proposed iteration scheme for evaluating
heart mechanics within each time step is presented in Figure 2.

D. CONCLUSION

A porous-medium approach to the cardiac system is suggested here as a
new and convenient tool for evaluating the stresses, strains, and blood flow
distribudon in the cavities and the ventricular wall. For the cavities, the
blood momentum balance is averaged and reformulated to yield
Forchheimer’s law with inertial terms. A governing cquation for displace-
ments of the endocardium is established by using pressure gradients along it.
The cardiac wall is considered as a two-phase (solid-fluid) system, and the
governing equations are derived on the basis of Biot’s mixture theory.

The novelty of this work lies in treating the cardiac system as a dynamic
solid-fluid interaction subject to boundary conditions such as inflow-outflow’
flux at the ventricles and the coronary tree.
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